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Abstract-A method to evaluate principal parts (Hilbert transforms) is presented. It is based 
on a modified l/3 Simpson rule. The function whose Principal-Value Integral is being calculated 
is itself, instead of the whole integrand, locally approximated by a second-order polynomial. The 
analytic handling of the singularity makes the procedure stable and suitable for smooth functions. 
Expressions corresponding to the 3/8 Simpson rule are also given. Numerical examples illustrating 
the typical results obtained using this method are presented. 
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1. INTRODUCTION 
Dispersion relations or spectral representations relate the real part of a function to its imaginary 
part through a Cauchy Principal-Value Integral (CPVI) [l]. The Kramers-Kronig relation for 
the dielectric constant was an early example of the practical value and importance of dispersion 
relations in applied mathematics, physics and engineering. Often times, the imaginary part is 
much easier to determine experimentally because of its direct connection to the absorption or 
emission of particles or energy [2]. Even in computer simulations, it is also more practical to 
calculate the imaginary part of model quantities first and then determine the real parts using 
the appropriate dispersion relations [3]. In this report, attention will be focused on the numeri- 
cal evaluation of Cauchy principal-value integrals with no attempt to connect them to physical 
systems. The reader is referred to the literature for more complete discussions. 
2. MODIFIED SIMPSON RULE FOR CPVI 
In this section, we are concerned with numerically evaluating the Cauchy Principal-Value 
Integral of a function f(s) over a finite interval [a, b]. There is little loss in generality in this 
assumption, since infinite intervals can be transformed to finite ones through appropriate changes 
of variables [3]. More precisely, we need to evaluate the expression 
F(x) = PV s b f (y)dy - a Y-X’ 
PV standing for the Cauchy Principal Part. In order to evaluate the integral in equation (l), 
one ordinarily subtracts the singularity and then calculates the resulting integral using Gauss- 
Legendre quadratures [3,4]. This trick is not stable for functions varying rapidly around the 
point 5, but slow enough for the integral to exist. In such cases, a refined grid of Gauss points is 
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needed close to x and the inherent round off errors may lead to erroneous results because of the 
subtracted quantity f(x)/y - x. This situation is similar to the evaluation of derivatives from 
by taking increasingly smaller values of h. It is well known that round off errors render the 
numerical result worthless if h is taken too small [5]. 
In addition to the trick above, it is also possible to construct quadrature formulae which are 
correct to a given order. Along these lines, Rice published a four-point expression which is correct 
for polynomials of order 8 or less [4]. A detailed study of the Gauss-Konrod integration rules and 
other methods can be found in [4] and [6]. 
It is important to note that in all these approaches, one is trying to approximate the integrand. 
In the present study, the function f(x) itself is approximated instead. This is the pivotal point of 
this paper. Since f(x) is expected to be much better behaved than the whole integrand because 
of the denominator, it is natural that approximating the former is much easier. 
To obtain the ‘equivalent’ of the l/3 Simpson rule, the function f(z) is approximated by a 
second-order polynomial in [a, b]. If the values of the function at the points x = a, x = a + b/2 
and x = b are denoted by fs, fr and ~“2 respectively, the approximate value to the CPVI is 
F(x) = ; [(x + o + h)(fo - ?f1 + f2) - (a + h)(fo + f2) - Wo - ?f1) - 4f2 - ?fi)] 
+ $5 Lx2(f0 - 2fl + f2) - X{(U + h)(fo + f2) - flh + a(f2 - 2fl)}] In 1 z 1 
-I- & [(a + h)bfo - 2abf1 + U(U + h)f2] In ?-Z_!! , I I x-u 
where h = (b - u/2). It is worth noting the presence of the logarithm function in this equation. 
It accounts for the eventual discontinuity in the CPVI if the function itself is not vanishing fast 
enough at the points x = a or x = b. To improve the accuracy of the approximation, the interval 
is divided into smaller segments as in the standard substitutional methods. 
There is an additional point worth mentioning. For large values of x, the CPVI as given by 
equation (1) approaches -l/x Ji f(y) dy. That the approximate expression given by (3) has this 
property can be seen by expanding the logarithms in powers of l/x. There are cancellations 
between the different terms. Such cancellations are best handled analytically from the start by 
replacing the logarithms by their expansions in l/x. 
For completeness, we also give the results corresponding to using a third-order polynomial 
to approximate f(x) in the interval [a, b]. If the points a and b are chosen to be -1 and 1, 
respectively, (this can always be achieved through a simple linear transformation) one gets the 
equivalent of the 3/8 Simpson rule for CPVI 
F(x)=2ux2+2bx+2c+~+(ux3+bx2+cx+d)ln 5 , 
I I 
where the constants a, b, c and d are given in terms of the values of the function fc, fi, f2 and fs 
at the points -1, -l/3,1/3,1 as 
a = $f3 - fo - 3f2 + 3fl), 
b = $fo + f3 - fl - f2L 
c = $fo - f3 + 27f2 - 27fl), 
d=+fi+Sf2-fo-f3). 
In the next section, the method is applied to two simple functions whose Principal-Value integrals 
are given in closed form. 
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3. NUMERICAL RESULTS AND DISCUSSION 
To test the numerical performance of the present method, we apply it to compute the CPVI 
of a set of polynomials of degrees up to four. The method is exact for polynomials of degree up 
to two. 
As a first example, consider the function f(z) = z2 - 1, ]z] < 1. The exact CPVI of this 
function is easily found to be 
F(z) = 2x + (x2 - 1) In 5 
I I 
Figure 1 shows a plot of F(x) and the numerically calculated CPVI. The two curves are identical 
and could not be distinguished; only three points (-1, O! 1) are needed to obtain the exact result 
within the precision of the machine. Increasing the number of points shows no bearing on the 
numerical results. 
-1 0 1 
X 
Figure 1. Cauchy Principal-Value Integral (CPVI) of f(z) = x2 - 1, 1x1 5 1 (dashed 
line). The solid line represents both the exact and approximate (numerical) CPVI; 
the two are indistinguishable. 
The case of a fourth-order polynomial is now considered. More specifically, consider the function 
f(x) = x4 - 1, 1x1 < 1. Th e exact CPVI of this function can also be obtained in closed form, 
namelv 
F&X) = 2x3 + ix + (x4 - 1) In s . 
~ I 
Figure 2 shows the error ]Fexa(x), - F,,,(x)] f or d ff i erent values of the number of points in the 
grid. For n = 6 points, the maximum value of the error in the interval [-1, l] is .033. This 
maximum drops to .0006 and .000075 for 21 and 41 points, respectively. Further, increase in n 
leads to smaller errors with no bearing on the method’s numerical stability; at n = 81 the error 
is less than 10e5. Figure 3 shows the numerically calculated and the exact CPVI of this function 
for 81 points. 
One should, however, mention an important point regarding the practical implementation of 
the present method. The presence of the logarithm in equations (3) and (4) requires special care 
when the process is applied repeatedly to subintervals [xi, xi+r] in [a, b] and x coincides with 
one of the grid points xi. This problem is easily resolved by adding the contributions from the 
intervals [xi-i, xi] and [zi, zi+i] analytically (x = xi). The logarithm in x - xi is easily seen to 
drop out of the added contributions leaving a well-behaved expression. 
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Figure 2. Exact and approximate CPVI of j(z) = z4 - 1,IzI 5 1. The 
results are obtained using 81 points. 
O.C1;6 
numerical 
_0,006 i t I I _LLL-l--LLd 1 I 
-1 0 1 
Figure 3. Error Fexa(z) - F,,,(z) for theXfunction of Figure 2. The solid line 
corresponds to n = 11 points, the dashed line to n = 21 and the dot-dashed line to 
n = 41. 
4. CONCLUSIONS 
In this short study, modified Simpson rules to calculate Cauchy Principal-Value Integrals were 
presented. The advantage of the approach resides in the fact that the function itself rather than 
the whole integrand is locally approximated by polynomials, thereby circumventing the apparent 
difficulty introduced by the denominator. The method can be straightforwardly extended to 
higher orders. 
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